For one-dimensional system of dissipative balance laws endowed with a convex entropy we prove, under natural assumptions, that a constant equilibrium state is asymptotically L 2 ?stable under a zero-mass initial disturbance. The technique is based on the construction of an appropriate Liapunov functional involving the entropy and a so-called compensation term.
Introduction
Recently, non equilibrium theories and in particular the Extended Thermodynamics 16] have generated a new interest in quasi-linear hyperbolic systems of balance laws with dissipation due to the presence of production terms (systems with relaxation). On this subject it is very important to nd connections between properties of the full system and the associated subsystem obtained when certain parameters (relaxation coe cients) are just equal to zero. Mathematical examples on this topic were developed in the linear case by Whitham 21] and in the non linear case by Liu 14] and by Chen, Levermore and Liu 5] . The requirement that the system of balance law satis es an entropy principle with a convex entropy density give several strong restrictions. In fact, as is well known, starting from the observation of Godunov 9] , it was shown that all the system of balance laws can be put in a very special hyperbolic symmetric system providing the introduction of main eld variables 2], 17]. As was observed by Boillat and Ruggeri 3 ] the main eld permits also to recognize that this non equilibrium systems have a structure of nesting theories. In fact it is possible to de ne the principal subsystems that are obtained by freezing some components of the main eld that have the properties that preserve the existence of a convex entropy law and the spectrum of the characteristic eigenvalues is contained into the one of the full system (sub-characteristic conditions). A particular subsystem is the equilibrium one.
Our goal, in this paper, is to prove that, under natural assumptions, a constant equilibrium state of such balance laws is asymptotically L 2 -stable. Though the technique employed here may look rather classical, involving an "energy" (actually entropy) estimate, plus a compensation term as introduced by Kawashima and Coll. 13] for other purposes, it has the nice feature that it applies to weak entropy solutions. It is therefore valid in presence of shock waves. For some natural reason, due to the nite propagation velocity of the support of a solution, it is natural to assume that the total mass of the conserved components of the unknown vanish. Under this condition, we nd a t ?1=2 decay rate of the L 2 -norm of the solution, though the decay could not be better than t ?1=4 in general, that is when a non-zero mass is present at initial time. Though we were able to get rid of this zero-mass assumption in the linear case, to the price of theloss of the decay rate, we did not succeed to overcome this restriction in the nonlinear case.
The plan is as follows. The next section recalls a few important facts about dissipative balance laws endowed with a convex entropy. In particular, we emphasize the solution of equilibrium subsystem. Then we turn to the analysis of the linear case, where we construct an appropriate quadratic Liapunov function whose dissipation rate is positive de nite. In the last section, we deal with the more involved non-linear case, where a few additional ideas are needed. Our main result is Theorem 8.
We should mention here a companion paper 19] , where the L 2 -stability is proved for the Jin-Xin relation model (see 11]) in presence of a positively invariant domain. There, the linearity of the principal part allows a treatment by compensated compactness, which yields a similar but weaker result, without the zero-mass assumption.
At last, we must emphasize our smallness hypothesis, which constraint not only the data but the solution itself. We feel that this is reasonable, especially in the light of the global existence of smooth solutions for small data, obtained recently by Hanouzet and Natalini 10].
Balance Laws Systems, Entropy and Generators
Let us consider a general hyperbolic system of N balance laws: @ F (u) = F(u) (1) where the densities F o , the uxes F i and the productions F are R N -column vectors depending on the space variables x i (i = 1; 2; 3) and the time t = x o ; ( = 0; 1; 2; 3; @ = @=@x ) through the eld u u(x ) 2 R N .
Now we suppose, as is usual in the applications, that the system (1) satis es an entropy principle, i.e., there exists an entropy density h = h o (u) and an entropy ux h i (u) such that for every solution of (1) we have a non positive-entropy production 1 ? (u): @ h = ? 0:
(2) The compatibility between (1) and (2) implies the existence of a main eld u 0 of Lagrange multipliers such that @ h + u 0 (@ F ? F):
(3) As a consequence of this identity, we have dh = u 0 dF ; = ?u 0 F 0:
(4) As it has been well known since the pioneering papers of Godunov 
Given some assigned value w 0 (x ) of w 0 (in the usual case w 0 = const:), Boillat and Ruggeri 3] call a principal subsystem of (8) and (9) 
By construction the solutions of the principal subsystems satisfy also a supplementary entropy law with convex density and the spectrum of the characteristic eigenvalues is included in the spectrum of the full system (sub-characteristic conditions) 3].
Equilibrium Subsystem
In the examples from Physics, involving non-equilibrium processes such as extended thermodynamics 16], M < N equations of (1) represent conservation laws while the remaining ones contain productions responsible for the dissipative mechanism. In this case f = 0 in (8) . Recalling that a thermodynamical equilibrium state is such that the production of the entropy in (2) vanishes and attains its minimum value:
it is easy to prove 4] 
the production vanishes and the main eld components vanish except for the rst M ones.
Thus j E = 0; w 0 j E = 0:
(13) These results reveal another privilege of the main eld. In fact, while the eld of densities u are in general all di erent from zero in equilibrium, the components of the main eld are all zero except for the rst M ones. Therefore the in nite equilibrium states are the ones belonging to the M-dimensional manifold w 0 (v; w) = 0 (14) as solution of the N ?M equations (14) (we recall the globally univalence between w and w 0 from the concavity assumption) it is possible to write wj E as function of v. The principal system of M conservation law with w = wj E is the equilibrium principal subsystem associated to the system (8) and (9) . Another important characteristic property of the equilibrium state is put in evidence from the following theorem:
Theorem 2 : In equilibrium the entropy density h is minimal, i.e.
h > hj E 8 u 6 = uj E :
where hj E = h (v; wj E (v)) : The proof follows immediately taking into account the convexity of h : W = hj E ? h + u 0 j E (u ? uj E ) < 0 8 u 6 = uj E ; (15) and therefore choosing u v w ; uj E v wj E (v) : (16) The last term in (15) is null due to the fact that u 0 j E and u?uj E are orthogonal (see (16) and (13) 2 ) and therefore W = hj E ? h < 0 8 u 6 = uj E : (17) In this manner we have con rmed that the entropy density reaches its minimum value in the equilibrium state.
We would stress the fact that these results are consequence not only of the convexity of the entropy density but also of the dissipation condition (12) . In the mathematical literature there exist several de nitions of dissipation. The most used is due to Dafermos 7] . Now we consider the one-dimensional case and, taking into account (13) 5 The linear problem
In a rst instance, we restrict to the linear case: h 0 is a positive de nite quadratic form, k 0 is a quadratic form, g is a constant matrix. 5.1 A necessary condition for stability.
From now on, we consider a linear system in its canonical form, as given in Lemma 3. We wish that nite energy data give rise to asymptotic strong stability, that is
Lemma 4 Strong asymptotic stability needs that ker(K T
We shall call this property genuine coupling, and we shall use the acronym (GC). Our motivation is that under (GC), a slight disturbance on the component w always have an in uence on the full component v. This property resembles much Kawashima We shall apply several times the following obvious result.
Lemma 5 
Since L is positive de nite, as well as Q; this implies that t ! R Q (v; w) dx is integrable on R + : Therefore t ! R (v; w)dx is integrable on R + : Since it is also non-increasing (from (19) On the other hand, the problem being linear, we also know that Obviously, a given system is usually not in the canonical form (that is with v 0 = v; w 0 = w): To check (GC), we only have to verify that travelling waves are trivial. Here is an example, taken from non-equilibrium gas dynamics in Lagrangian variables: Warning: The decay rate R (v (t) ; w (t)) dx = O (t ?1 ) shown above is always true for periodic data. However, when v 0 ; w 0 2 L 2 (R); it strongly relies on the assumption that v 0 2 L 1 and R v 0 dx = 0: As a matter of fact, let us assume that v 0 ; w 0 are compactly supported, say in ?l; l];and that m := R v 0 dx is non zero. Then, from mass conservation, which is a strictly positive number since r does not belong to kerK T 1 . More information about incompletely parabolic di usion equations may be found in the Memoir by Liu Comment. Such an existence result, global in time, has not been yet proved in full generality. It could be attacked using Glimm's scheme or front tracking. We note however that Amadori has compact support and belongs to H 1 .
Thanks to hyperbolicity, the support of u (t) extends with nite velocity. Because u stays in the compact set U, the waves velocities remains bounded. To do so, we use an argument analogous to Lemma 5. Actually, since both L and Q have quadratic leading order terms at the origin, they will satisfy the desired inequalities provided their quadratic parts do, and U is chosen small enough. The rst inequality is achieved for small " > 0; since h (u) ! juj 2 and since the corrector At last, A is the matrix ofâ :â (x; y) = t xAy:
In some papers, Kawashima and Coll. 13] call such a matrix a compensating matrix.
